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When quantum gravity is used to discuss the big bang singularity, the most important, though
rarely addressed, question is what role genuine quantum degrees of freedom play. Here, complete
effective equations are derived for isotropic models with an interacting scalar to all orders in the
expansions involved. The resulting coupling terms show that quantum fluctuations do not affect the
bounce much. Quantum correlations, however, do have an important role and could even eliminate
the bounce. How quantum gravity regularizes the big bang depends crucially on properties of the
quantum state.
PACS numbers: 98.80.Qc, 04.60.Pp, 98.80.Bp
Quantum cosmology is expected to be important for
achieving a complete understanding of the big bang
which classically is singular and preceded by a point of
diverging energy density. This question is not only im-
portant for our fundamental understanding of the uni-
verse but may also have potential implications for fu-
ture observations. Although the subject is conceptually
difficult, related to the fact that one is dealing with a
wave function of the whole universe, there has been re-
cent progress. Loop quantum cosmology [1] has provided
a resolution of the singularity in isotropic models based
on the extendability of the wave function across the clas-
sical singularity [2, 3]. However, this underlying behavior
of the wave function does not easily reveal a geometrical
picture of what kind of space-time region may replace the
singularity. Often, singularity resolution is expected to
occur in the form of a bounce, a minimum volume which
is non-zero and where the collapse of a universe would be
stopped and turned around by quantum effects. This is in
fact the only possibility to avoid an isotropic singularity
by a well-defined space-time picture. But the question
remains how strongly quantum the big bang phase be-
haves, and what role genuine quantum variables such as
fluctuations play.
In loop quantum cosmology, the model of a free, mass-
less scalar is by now well-understood. It does, in fact,
exhibit a simple bounce described by the effective Fried-
mann equation [4]
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(1)
for the scale factor a and with the momentum pφ of the
scalar. The length parameter µ 6= 0, as seen below, arises
due to the loop quantization and determines a critical
density ρcrit = 3/8πGµ
2 such that the universe bounces
(a˙ = 0) when ρfree =
1
2
a−6p2φ = ρcrit. That this effective
Friedmann equation reliably describes the evolution of a
wave packet (with a = 〈aˆ〉) in this model has been numer-
ically tested in [5] and proven rigorously in [6]. The key
feature in this proof is that the specific model is solvable
for a certain factor ordering of the Hamiltonian, which
implies the absence of quantum back-reaction. The sys-
tem is thus free, and only finitely many variables are cou-
pled in equations of motion, rather than infinitely many
ones as usually in quantum systems. Quantum fluctu-
ations, in fact, seem to play no role in (1). This weak
influence of quantum variables on expectation values is
the reason for the very smooth nature of the bounce, but
based on this model alone it remains unclear how repre-
sentative this feature is in general.
Here, we substantially generalize the discussion by al-
lowing for the presence of a potential of the scalar. We
will derive a new effective Friedmann equation with ad-
ditional quantum interactions and present, to all orders
in the potential as well as quantum degrees of freedom,
clear conditions for when the smooth bounce persists.
We will see that quantum variables do play important
roles. However, for the bounce it is not quantum fluctua-
tions which are crucial but correlations between different
variables. Thus, the form of the bounce depends on the
squeezing of the state of the universe.
We use a canonical quantization, based on the con-
jugate variables (φ, pφ) for scalar matter and (V,H) for
space-time where V := a3/4πGµ is proportional to the
spatial volume and H = µa˙/a to the Hubble parameter.
Here, µ has no classical effect but will be significant in
the quantization [19]. It is useful to describe evolution
relationally, i.e. we do not solve for functions in proper
time, whose derivative is denoted by the dot, but for rela-
tions between the variables such as V (φ). Due to general
covariance, the coordinate time dependence would have
no intrinsic meaning, and relational variables are closer
to information contained in the wave function. We will
thus be treating φ as a measure for time, such that its
momentum pφ determines the Hamiltonian. Expressing
the Friedmann equation as
− pφ = H :=
√
12πGV 2H2 − 32π2G2µ2V 2W (φ) (2)
and then quantizing the result implies a Schro¨dinger
2equation [20]
− pˆφψ = i~∂ψ
∂φ
= Hˆψ . (3)
Loop quantum cosmology has no operator for H, but
rather requires us to use the exponentials exp(iH) [7, 8].
This is inherited from loop quantum gravity [9] where
only holonomies are represented but not connection com-
ponents. To realize the solvability of the free system, we
use the variable J := V exp(iH) in addition to V , which
upon quantization satisy a linear algebra
[Vˆ , Jˆ±] = ~Jˆ∓ , [Jˆ+, Jˆ−] = 2~(2Vˆ + ~)
with Jˆ± := Jˆ ± Jˆ†. Then, one can choose a free Hamil-
tonian Hˆfree = −i
√
3πGJˆ− which has the correct low-
curvature limit (H ≪ 1) and is linear, implying solvabil-
ity.
We will not require a complete quantum representa-
tion to capture dynamical effects in effective equations.
The main quantum effect consists in terms which change
the equations of motion of expectation values by cou-
pling them to quantum variables. This feature is well-
known from the Ehrenfest theorem, which can be ex-
tended to a general procedure of deriving effective equa-
tions in canonical quantizations [10]: We parameterize a
state by its quantum variables
GV
aJb
−
Jc+ := 〈(Vˆ − 〈Vˆ 〉)a(Jˆ− − 〈Jˆ−〉)b(Jˆ+ − 〈Jˆ+〉)c〉Weyl
(4)
defined as expectation values of Weyl ordered products
of basic operators with a+ b + c ≥ 2. This includes, for
instance, the fluctuation GV V = (∆V )2 or the covariance
GJ−J+ = (∆J)2 − (∆J¯)2.
Quantum variables enter correction terms due to quan-
tum back-reaction, which occurs in equations of motion
d
dφ
〈Oˆ〉 = 〈[Oˆ, Hˆ ]〉
i~
(5)
for any expectation value 〈Oˆ〉. In general, the commuta-
tor [Oˆ, Hˆ] is non-linear in basic operators Vˆ and Jˆ±, such
that its expectation value depends non-trivially on quan-
tum variables. An exception are free systems, where ba-
sic operators together with the Hamiltonian form a linear
algebra. In the case of Hˆfree, equations of motion for 〈Vˆ 〉
and 〈Jˆ±〉 depend only on these expectation values. Thus,
quantum variables do not at all influence the motion of
expectation values: there is no quantum back-reaction.
This changes if the potential is non-zero and (2) is non-
linear in V and J−. The expansion H =
∑∞
k=0Hk with
Hk := −i
√
3πGJ−
(
1
2
k
)(
32πGµ2V 2W
3J2−
)k
is our starting point for quantization in Weyl ordering,
which avoids the square root but brings in infinitely many
interaction terms. Correspondingly, (2) is replaced by
−〈pˆφ〉 = 〈Hˆ〉 =: HQ with the quantum Hamiltonian
HQ =
∞∑
k=0
(
Hk +
∞∑
n=2
n∑
a=0
∂nHk
∂V a∂Jn−a−
GV
aJ
n−a
−
a!(n− a)!
)
. (6)
This can be derived by Taylor expandingH(V +∆Vˆ , J−+
∆Jˆ−) in the ∆Oˆ := Oˆ−O where, to simplify notation, we
dropped explicit brackets on expectation values. There
are thus terms containing quantum variables coupled to
expectation values. (Their infinite number reflects the
non-locality in time of quantum physics. Defined as the
expectation value 〈Hˆ〉, HQ must be finite; the n-sum in
(6) is thus convergent or at least asymptotic.)
In a semiclassical expansion, one would keep only a fi-
nite number of orders n, starting with fluctuations and
covariances at n = 2. In this way, effective equations can
be derived systematically based on semiclassicality prop-
erties of an evolving state. General conclusions drawn in
this letter, however, will be valid to all orders in quan-
tum variables and are thus insensitive to the requirement
of having a semiclassical state of a certain form. This is
especially important near the big bang, where we have to
analyze the role of quantum variables without assuming
too much.
The equation of motion for 〈Vˆ 〉 is derived from the
general formula (5) and then expanded in quantum vari-
ables. Using the procedure in [10], this gives,
dV
dφ
= −iJ+
(
∂H
∂J−
+
∞∑
n=2
n∑
a=0
∂n+1H
∂V a∂Jn−a+1−
GV
aJ
n−a
−
a!(n− a)!
)
−i
∞∑
n=2
n∑
a=0
∂nH
∂V a∂Jn−a−
GV
aJ
n−a−1
−
J+
a!(n− a− 1)! (7)
as the equation of motion. We will perform a pertur-
bative analysis to all orders in both expansions by the
potential in H and in quantum variables. The latter cor-
responds to a construction valid to all orders in a loop ex-
pansion via all n-point functions. Moreover, we are per-
turbatively expanding around the loop-quantized Hˆfree,
such that non-perturbative discreteness contained in this
Hamiltonian is realized. Thus, we are providing proper-
ties of solutions to the fundamental difference equation.
By itself, (7) cannot be solved because V is coupled
not only to J± but also to all infinitely many quantum
variables. But we will see that statements about the
bounce can nevertheless be made at this general level.
This will constitute our main result.
To see this, we derive an effective Friedmann equa-
tion analogous to (1) but valid also in the presence
of a potential. This requires us to eliminate the J±-
dependence from (7) by using the quantum Hamilto-
nian (6). To any finite order k in the potential, the
quantum Hamiltonian takes the form of J1−2k− multiplied
with a polynomial of order 2k in J−. Thus, the equa-
tion HQ = −pφ can be solved for J− in terms of only
3V , W (φ) and pφ. Solutions to the polynomial equation
can easily be found perturbatively, starting from the root
iJ− = pφ(1+a
6W (φ)(1+ǫ1)/p
2
φ)/
√
3πG for k = 1, where
ǫ1 =
∞∑
n=2
(−1)n
(
GJ
n
−
Jn−
− 2G
V J
n−1
−
V Jn−1−
+
GV
2J
n−2
−
V 2Jn−2−
)
denotes a correction in terms of relative quantum vari-
ables. In (7), also J+ appears which we determine from
J− using
1
4
(
J2+ + (iJ−)
2
)
= JJ¯ . With the identity
Jˆ Jˆ† = Vˆ 2, we write JJ¯ as 1
2
〈Jˆ Jˆ† + Jˆ†Jˆ〉 − GJJ¯ =
(V + ~/2)2 + (∆V )2 −GJJ¯ + ~2
4
and thus have
J+
2V + ~
= ±
√
1−
(
J−
i(2V + ~)
)2
− ǫ0
with ǫ0 = (G
JJ¯ − (∆V )2 − ~2/4)/(V + ~/2)2.
Using the solution for iJ− to all orders, where analo-
gously to ǫ1 we have ǫ =
∑
k ǫk+1(a
6W/p2φ)
k from (6),
the leading term of J+ is J+ = ±2V
√
1− ρQ/ρcrit with
ρQ := ρ+ ǫ0ρcrit +W
∞∑
k=0
ǫk+1
(
a6W
p2φ
)k
. (8)
Because J+ is always real, this proves the upper bound
ρQ ≤ ρcrit for arbitrary potentials. In (7), this gives a
similar to what appears in the free effective Friedmann
equation (1). There are only corrections to ρ by relative
quantum variables in ǫk. The first line of (7) has only
terms containing J+ as a pre-factor. Thus, even in the
presence of a potential the effective Friedmann equation
does have a factor close to 1 − ρ/ρcrit which reduces a˙
once energy density reaches ρcrit. However, there are ad-
ditional terms in (7) which do not depend on J+ and
thus do not obtain such a factor. These terms must be
discussed further before a general conclusion about the
bounce, where a˙ = 0 exactly, can be reached. With them,
collectively denoted as η, the effective Friedmann equa-
tion, derived with 3a˙/a = φ˙V −1dV/dφ and φ˙ = a−3pφ,
takes the form (see [11] for some details)(
a˙
a
)2
=
8πG
3
(
ρ
(
1− ρQ
ρcrit
)
(9)
± 1
2
√
1− ρQ
ρcrit
ηW +
a6W 2
2p2φ
η2
)
.
In η =
∑
k ηk+1(a
6W/p2φ)
k as in ρQ, we have contribu-
tions from all powers of the potential. From the linear
term, for instance, we have from (7):
η1 =
∞∑
n=2
(−1)n
(
n
GJ
n−1
−
J+
Jn−
− 2(n− 1)G
V Jn−2
−
J+
V Jn−1−
+(n− 2)G
V 2Jn−3
−
J+
V 2Jn−2−
)
.
The new terms in (7) and η contain only covariances
since there is always a single factor of Jˆ+ which must be
accompanied by at least one other basic operator for a
non-zero quantum variable. Thus, a state which is com-
pletely uncorrelated when its corrected energy density ρQ
reaches ρcrit bounces at this time. The free value of ρcrit is
unchanged. This result holds to all orders in the potential
and in the moment expansion and thus substantially gen-
eralizes the free result. However, the high-energy behav-
ior changes for η 6= 0 in a way which affects the condition
a˙ = 0. This is difficult to evaluate because correlations
are dynamical, subject to equations of motion which just
as (5) follow from commutators with the Hamiltonian.
For instance, dGJ−J+/dφ couples to all quantum vari-
ables in the presence of a potential and we have, e.g., a
term −16iV 3(∆V )2W (φ)/J3− which cannot be zero due
to uncertainty relations [12]. Moreover, the pre-factor
V 3/J3− is large for large volume since J−, for free solu-
tions, is proportional to the bounce volume. Thus, cor-
relations can grow significantly during long evolution.
Correlations at the would-be bounce are related to an
initial state in a complicated way, especially since one re-
quires long evolution times to get to the would-be bounce
from a semiclassical state at large volume where one may
make assumptions on the state. Even if η remains small,
it has to be compared with the small 1− ρQ/ρcrit in the
vicinity of a possible bounce. Thus, its precise value as
well as time dependence matter. The bounce changes for
squeezed states with non-zero correlations.
In this context, it is interesting to note that parameters
which determine the correlations are difficult to control
even for the free system [13]. For the free system, one can
find explicit solutions for expectation values and quan-
tum variables [14], and correlations turn out to vanish
at the free bounce for states whose fluctuations are sym-
metric around the bounce. If such a state approximately
decribes the bounce of the interacting system, also the
interacting system bounces at the same critical density.
However, this is only a special class of states, and it is
difficult, if not impossible, to determine whether our uni-
verse would be in an unsqueezed or squeezed state. That
the symmetry of quantum variables around the bounce is
relevant also for the interacting system can be seen by a
general argument: time reversal around the bounce is im-
plemented by the mapping J+ 7→ −J+ which is a reflec-
tion H 7→ π−H around the bounce point H = π/2 where
J+ = 0. Thus, any of the correlations G
V aJb
−
J+ appear-
ing in the second line of (7) would change sign for states
which are time reversal symmetric around the bounce.
Correlations then vanish at the bounce and dV/dφ is
proportional to J+ ∝
√
1− ρQ/ρcrit which implies the
bounce. For non-symmetric states, η 6= 0, the questions
raised and addressed in [13] about properties of quan-
tum variables before the bounce become relevant even to
address the bounce itself.
In summary, we have generalized the effective Fried-
4mann equation previously available only for free mod-
els to arbitrary scalar matter which may be massive and
self-interacting in a spatially flat isotropic space-time.
Here, also pressure P enters since W = 1
2
(ρ − P ) and
a−6p2φ = ρ + P appear separately. We have found spe-
cific conditions under which a bounce at a critical value
of the quantum corrected density ρQ results, but also
highlighted the detailed role which the precise quantum
state has to play. In particular, the squeezing of states,
which has often been overlooked in this context, does
have a crucial bearing on the form of the bounce. If cor-
relations have developed strongly by the time when the
energy density approaches the critical value, they may
prevent a bounce if no solution for a˙ = 0 exists. Or,
there may be several solutions if the complete dynami-
cal behavior of the squeezing parameter η is taken into
account. In this case, the universe could be stuck in an
oscillatory quantum mode at small volume rather than
opening up to another large classical universe before the
big bang. This interesting possibility would resemble sce-
narios which have been developed by combining effects
of loop quantum cosmology with the emergent universe
[15]. Which precise possibility is realized is currently only
a matter of speculation since the dynamical squeezing
must be brought under much more control. Neverthe-
less, at a fundamental level the models considered here
are non-singular independently of the matter Hamilto-
nian as shown in [2] (and [16] for non-minimal coupling).
Despite some remaining inconclusiveness, we have
demonstrated that the methods used here, which present
the first perturbative tools for loop quantum gravity, are
sufficiently well-developed to provide valuable insights.
They have allowed us to draw conclusions, such as an up-
per bound for ρQ in (8), valid to all orders in a moment
expansion of states. This goes well beyond the semi-
classical approximation. We thus generalized results of
free models significantly, and replaced numerical simula-
tions by analytic calculations with full access to the pa-
rameter space. With systematic ways to derive effective
equations, which are being extended to include inhomo-
geneities, the behavior of loop quantum gravity can be
studied in much more detail than presently available.
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